Recently, Corderio et al. (2016) applied a model called odd-logistic generalized half-normal distribution for describing fatigue lifetime data, based on this model, we propose a new wider model with a strong physical motivation called the odd-log-logistic generalized half-normal poisson distribution which is commonly used in reliability studies and modeling maximum of a random number of lifetime variables. Various of its structural properties are derived. The method of maximum likelihood is adapted to estimate the model parameters and its potentiality is illustrated with applications to two real fatigue data sets. For different parameter settings and sample sizes, some simulation studies compare the performance of the new lifetime model.
Introduction
The fatigue process can be considered as a sequence of small fracture processes. The crack growth depends on the stress intensity factor and some material parameters. The structure will break when the fatigue crack become unstable. The fatigue process in the experimental research is treated as a random process. There are many statistical models in literature that have studied the random variation of the failure times with regard to fatigue materials. The distribution of Half-Normal (HN) and Birnbaum-Saunders (BS) are models that are widely used to describe the lifetime of a fatigue process. For fitting monotone hazard rates, the HN distribution may be initial choices because of its negatively and positively skewed density shapes. However, in some practical situations, it does not provide a reasonable parametric fit for modeling phenomenon with non-monotone failure rates such as the bathtub shaped and the unimodal failure rates, which are common in reliability and biological studies (Corderio. et al., 2016) . Cooray and Ananda (2008) proposed the generalized half-normal (GHN) distribution to deal with this problem. They demonstrated that the GHN distribution can model monotone (increasing and decreasing) and nonmonotone (bathtub shaped) failure rates for certain values of its shape parameter, thus providing its greater applicability. The GHN density function (Cooray and Ananda, 2008) with shape parameter >0  and scale parameter >0 Although this type of density function is asymmetric, the degrees of skewness and/or kurtosis in some cases are outside the distributional range defined by the GHN distribution. However, this distribution is not appropriate in situations where the hazard rate function (hrf) is unimodal. The GHN distribution has been widely modified and studied in recent years and various authors developed new generalizations from this lifetime model. ) proposed the probability density function (pdf), () fx and the cdf,
Deal with density function () fx is generality difficult except for the special choices of the function () gx and () Gx. We can note that
. So, the parameter  represents the quotient of the log odds ratio for the generated and baseline distributions. Corderio. et al (2016) introduced a threeparameter extension of the GHN distribution based on the OLL-G family refereed to as the odd log-logistic generalized half-normal (OLLGHN) distribution, by inserting (1) and its pdf in (2) and (3). This distribution due to its flexibility can be applied to various fatigue lifetime data. In this paper, we develop the OLL-G family based on the Poisson distribution which called Odd Log -Logistic Generalized Poisson (OLLG-P for short) and then introduce an extension of the OLLGHN distribution refereed to as the odd log-logistic generalized half-normal Poisson (OLLGHNP) distribution, the cdf and pdf of the OLLG-P family are given by,
respectively, where > 0, 0   and ( ), ( ) G x g x denote the cdf and pdf of the baseline distribution. We organize the paper as below. In section 2, introduces the new OLLGHNP distribution and its motivation. In section 3, the maximum likelihood estimation of the model parameters is discussed. In section 4, for different sample sizes various simulations are presented. In section 5, we apply the OLLGHNP model for a real data set to illustrate its potentiality. Final conclusions are given in section 6. Also, some important mathematical properties of the new distribution are derived in the Appendix.
The OLLGHNP lifetime and its motivation
By inserting (1) in (4) The pdf corresponding to (6) are given by These plots indicate that the skewness always decreases when  increases (for fixed  ) and first decreases steadily to a minimum value and then increases when  increases (for fixed  ). The kurtosis always increases when  increases (for fixed  ) and increases when  increases (for fixed  ). So, the new OLLGHNP distribution is quite flexible and can be used effectively in analyzing real data in many areas. Suppose 1 ,, n ZZ be independent identically random variables (iid) with common cdf (3) and N be a random variable with, 
The justification for the practicality of the OLLGHNP lifetime model is based on the fatigue crack growth under variable stress or cyclic load. We also are motivated to introduce the OLLGHNP distribution because it exhibits increasing, decreasing, upsidedown as well as bathtub hazard rates as illustrated above; It is shown in Section 3 that the OLLGHNP distribution can be viewed as a mixture of the two-parameter GHN lifetime model; It can be viewed as a suitable model for fitting the the right-skewed, left-skewed and bimodal data as shown in Section 5; The OLLGHNP distribution outperforms several of the well known lifetime distributions with respect to two real data applications as illustrated in Setion 5.
Estimation and Inference
The estimation of the model parameters is performed by the method of maximum likelihood. If ( , , , ) X OLLGHNP     the vector of parameters is = ( , , , ) 
A simulation study
We perform a Monte Carlo simulation study to assess the finite sample behavior of the MLEs of ,,    and  . The results obtained from 3,000 Monte Carlo replications from the simulations are carried out using the statistical software R. In each replication, a random sample of size n is drawn from the OLLGHNP ( , , , )     distribution and the parameters are estimated by the maximum likelihood method. The random variable X is generated using the inversion method. The true parameter values in the data-generating processes are = 1. Table 1 and the plot of the corresponding root mean squared errors (RMSEs) for the sample sizes n , equal to 50 to 200 with step 5 are shown in Figure 4 . We note that the RMSEs of the MLEs of  ,  ,  and  decay toward zero when the sample size increases, as expected. 
Real data modeling
In this section, we present application of the OLLGHNP model to real data to illustrate its usefulness and potentiality. We consider two sets of real data and adopt the OLLGHNP distribution as the baseline model. The first real data represents the failure times (in hours) of unscheduled maintenance actions for the USS Halfbeak number 4 main propulsion diesel engine over 25.518 operating hours with 71 observations studied by Ascher and Feingold (1984) . It consists of the observations presented in table 2. For each model, we estimate the unknown parameters by using maximum likelihood approach. The computations were done using the statistical software R. Table 3 , gives the maximum likelihood estimation (MLE) of the model parameters and their standard errors (in parentheses) and the values of the following statistics for the fitted models by using the first set of real data and Table 6 for the second: Akaike Information Criterion Tables 4 and 7 . By comparing the values of these statistics for the fitted models, we conclude that the OLLGHNP distribution outperforms all the distributions considered in Table 4 (for the first data) and Table 7 (for the second data) and therefore it can be an interesting alternative to these distributions for modeling each of the real data set. Comparisons of the OLLGHNP distribution with GHN, GHNP(submodel of OLLGHNP when  =1) and OLLGHN distributions individually (that has less than four parameters) using the LR statistics are given in table 5 (for the first data) and table 8 (for the second real data). We reject the null hypotheses of the LR tests in favor of the OLLGHNP distribution. For more information Figure 5 is provided a visual comparison of the histogram of the first data set with the fitted density functions. Clearly, the OLLGHNP distribution provides a closer fit to the histogram than the other models. And Figure 6 shows that the OLLGHNP hasa closer fit to the histogram of the second data set than the other models except the KwGHN, MOGHN and OLLGHN distributions because it has a second peak near 12. 
Conclusions
The odd log-logistic generalized half-normal (OLLGHN) distribution is commonly used to model the lifetime of a system. We propose a new four parameter model called the odd log-logistic Poisson generalized half-normal (OLLGHNP) distribution, whose failure rate function can be increasing, decreasing and bathtub that extends the OLLGHN (Gauss M. Corderio. et al., 2016), MOGHN (Alizadeh et al., 2015) , EGHN (Pescim et al., 2010), generalized half-normal (GHN) and half-normal (HN) (Cooray and Ananda, 2008) distributions. The OLLGHNP distribution is quite flexible in analyzing positive data in place of some other special models. We provide an expansion for the density function and a mathematical treatment of the distribution including expansions moments and generating function. The estimation of the model parameters is approached by the method of maximum likelihood and a simulation study is performed. We consider likelihood ratio statistics and formal goodness-of-fit tests to compare the OLLGHNP distribution with some other lifetime models that include four, less than four and more than four parameters. Applications of the new model to two real data sets individually demonstrated that it can be used effectively to provide a more suitable fit than other models. We hope that this generalization can find wider applications in the literature of lifetime distributions. A are available, see Exton (1978) and Mathematica (Trott, 2006 
